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@ Kernel density estimate



i
Al iy
i

,

(i AR \\\*\‘i{
i i S
A il L
"""::".’m":'l'ir i
i i
%l,q' 77

R
i
AN
I e
il "l:"c".".‘o“‘w“'
..,.,3,,4,,’,'11,,,11:111;:'5{,'»'.‘;"':’0&"’ =

SEE
s

SRR
ol
i




A kernel density estimate for a d-variate random sample Xy, ..., X,
drawn from a density f is defined as

R 1 <
F(x, H) =~ > Kn(x— X))
i=1

1 n
= ~|H| 1/2 ; K(H™Y?(x — X)),
where
e K — a d-variate kernel function satisfying [p4 K(x) dx =1
e H — a symmetric positive definite matrix called the bandwidth matrix
e |H| denotes a determinant of H
o x=(x1,...,xq) € R?



(A1) K — a symmetric probability density function: [p4 K(x) dx =1,
Jpa xK(x)dx =0, [paxxT K(x)dx = B2(K)lg, l4 — d x d identity
matrix,

(A2) R(K) = [pa K3(x) dx,

(A3) R(g) = Jgo&(x)g(x)T dx for any square integrable vector valued
function g.

e A% — the rth Kronecker power of a matrix A, A1 = A, A®0 =1

e D®f(x) — the vector containing all partial derivatives of the order r
of f at x, i.e. if f: RY = R = D®f(x) € RY, D®f = Df is a
gradient of f

e vec H — d? x 1 vector obtained by stacking columns of H



e The most important factor

e It induces orientation of kernel and controls a spread of a kernel

(B1) Hr: a class of symmetric positive definite d x d matrices
(B2) Hp C Hr: a subclass of diagonal positive definite matrices
(B3) Hs C Hp: a subclass of matrices Hs = {h?- Iy, h > 0}



How does matrix H affect the shape of the kernel (bivariate case)

2
2 (10 (R0 2 :<h1 hlz)
Hs:h (0 1 Ho | h P\ 1




For given data




we choose a kernel, e.g. Epanechnikov product kernel

xX




evaluate kernel function in each point




and get contours of reconstructed density




The quality of the estimate f is measured by the Mean Integrated Square
Error

MISE(H) = E / (?(x, H) — f(x))2 dx

_ 1/ [(KZ * £)(x) — (Ki * £)3(x)] dx

+ [+ £)0) = FO ox
— / Var f(x, H) dx + / Bias? (x, H) dx

where * denotes a convolution.



The MISE can be approximated by AMISE — Asymptotic Mean Integrated
Square Error

Assumptions:

e All the second derivatives of f are piecewise continuous and square
integrable

e H = H, is a sequence of bandwidth matrices such that n=1|H|~1/2
and all entries of H approach zero as n — oo

¢ K satisfies assumptions (Al)

AMISE(H) = nY|H|"Y2R(K) + M(vec H)T R(D®?f)(vec H)
N 2 4 ’

AlVar(H) AIBi;srz(H)

/




e Optimal H with respect to MISE
Hwise = arg m}itn MISE(H)
e Optimal H with respect to AMISE
Hamise = arg m?_itn AMISE(H)

Relative rate of convergence
vec(Hamise — Hwise) = O(Jgn~2/4*4) vec Huise,

where Jg is a d X d matrix of ones.



& AMISE(H)

_ __1 -1 —-1/2 -1
Svec = DHAMISE(H) = —n” |H|V/?R(K) vec H

+ —/82(2;()2 R(D®2f) vec H

Hamise is the solution of the equation Dy AMISE(H) = 0. For d > 2 there
is not close form expression for the solution of this equation.

Lemma
Let Hamise be a minimum of AMISE(H). Then

4
AlVar(Hamise) = J AlBias®(Hawmise)-
Remark. Hamise = O(Jgn=?/(4*%) and AMISE(Hamise) = O(n=*/(4+4)).



e The least square cross-validation (LSCV) targets MISE and employs
the objective function

LSCV(H) = /

n 2 <.
F2(x,H) dx — = f_i(X;, H
5 (x, H) dx n; ( )

5 1< :
where  7_;(Xj, H) = — 2; Ku(Xi —Xj), i=1,...,n.
J:
JF#i
/’:ILSCV = arg m?in LSCV(H)
E[LSCV(H)] = MISE(H) — R(f).
e Biased cross-validation (BCV) involves estimation of AMISE

e Smooth cross-validation (SCV) is a hybrid of LSCV and BCV
e Plug-in method (PI) estimates the functional R(D®2f) in the AMISE



—

AMISE(H):/ Var(F(x, H)) dx+/ Bias (7(x, H)) dx
Rd Rd

= AlVar(H) + Al Bias (H),
where
AIVar(H) = T [H|2R(K),
—— 1 &
Al Bias(H) = — i;(KH % Ky % Ky % Ky — 2Ky Ky % Ky

+ Ky * KH)(X,' — XJ')

Let

—

HAN“SE =arg mq_iln AMISE(H).
BV Kemelestimatess  ODAM 2011 18 /49



API| method is based on the Lemma, i.e. to select such a matrix IfIAM|SE
for which the equation

AlVar(H) = %AIBiasz(H)

is satisfied. This equation can be rewritten as

4ng(H)’

where

g(H) = (K * Ku = Ky % Ky — 2Ky + Kiy % Ky + Ky % Kig) (X — X)),
ij=1



Previous equation is nonlinear equation for d(d + 1)/2 unknowns — entries
of HAN“SE Additional equations:

e H =Hs — the only equation for h

o H = HD —> HAMISE = diag(h%, ey hc21)
Scott's rule in RY: h; = 6;n~1/(d+4) for j = 1,....d = h; = Zihy,
6 is a sample standard deviation estimate

o H = Hr — we can adopt a similar idea as in the case of the diagonal
matrix: ¥ = (3U)7J:1 is an estimate of a sample covariance matrix:
h? = hiy = 110~ 2/(d+4), h? = hjj = §ihyy for i =2,....d,
hyzwhllforld—2 Ld i #E ]

011



d=2 HeHp

1
AMISE(hy, ) = =~ R(K)

AlVar

1
+ Zﬁz(K)z(hi'Wo + 2h2 h31an + h31os),

AlBias?

where

Tpklz/(gi)(g)kp(gié)wzdx k,t=0,2,4 k+(=4



API1 method: N
g(h, ho) = gR(K) hy = g—jin
API2 method:
~ N\ 1/4
(b, o) = gR(K) hy — (gm) h
04

Y | n Xyj—Xqi Xoj—Xoi
* o4 = s =1 CK (’h—1) Crer (jh—z

° ¢40 n2h5h2 Zld 1 Cyrr ( _Xll) Ck (Xz%zle>
o Ck(x)=[K(t)K(x —t)dt, Ckn(x)=[K'(t)K(x —t)dt
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® Kernel density gradient estimate



A kernel estimate of a gradient Df is defined as
- 1
Df(x,H) = — DKy(x — X;),
(x H) = 3 DFilx =X,

where DKyy(x) = |H|"Y2H~1/2DK(H~1/?x),
MISE is the measure of the quality of the estimate

MISE(DF, H) — / E(DF(x, H) — DF(x))(DF(x, H) — Df(x)) " dx
= /Var(ﬁf(x, H)) dx—i—/HEB\f(x, H) — DF(x)|]3 dx

|-l denotes Euclidean norm.



MISE is a matrix for a gradient estimate. Duong et al. (2008) proposed to
use the Trace of the Asymptotic Mean Integrated Square Error: TAMISE
TAMISE(H) = n~Y|H|"Y2tr[H71R(DK)]

52( > tr(ly @ vecT H)R(D3f)(l4 @ vec H).



In the bivariate case with a diagonal bandwidth matrix TAMISE can be
rewritten in the form

TAMISE( )=
(R3R(01K) + h3R(D2K))

/

h3 h3

TIVar

+ ;1152( )2 (h} (60 + a2) + 2h5 3 (Va2 + 1b2s) + h3 (24 + 7/’06))

-

TIBias?

2
where R(9;K) = BK(_X) dx, i =1,2.
Ox;



Let Hy be a bandwidth matrix minimizing TAMISE:
Hr = arg m}iln TAMISE(H).
Then
Hr = O(Jgn 2/(#9)) and  TAMISE(Hr) = O(n~*/(d+9),

H~ is the solution of

0 TAMISE(H)

Ovec H =0

Dy TAMISE =

—> there is not any explicit solution.



In the case of diagonal bandwidth matrix (Hr € Hp):

Hr = diag(h%, ..., h%,),

}\72 — h2 n(d+4)(d+6)( ) d+4)(d+6)

where h; (i=1,...,d) are optimal bandwidths for density estimate,
8i (i=1,...,d) are estimates of sample standard deviations.



Lemma
Let HT be a minimizer of TAMISE. Then

d+2
% TIVar(H7) = TIBias?(HT).

This equation can be rewritten as

d+2tr[H'R(DK)]

P2 =
4n  TIBias?(H)




The idea of TAPI method is the same as in the case of density estimate,
we use a suitable estimate of TIBias?(H)

2
TIBias (H) —tr—Z/ (K * DKy — DKy)(x — X;)]
ij=1

x [(Ku * DKy — DK)(x — X;)] T dx.

The additional equations can be obtained by means of practical bandwidth
choice and Scott's rule.






© Simulations



density f ~ N2(M1,M2i‘7%a0%79)
normal kernel

1 x? X3
K(x1,x) = Zexp(—;1 — ?2)

number of observation n = 100

number of repetition R = 100



The integrated square error

o for density f:
ISE(F, H) = / [F(x, H) — F(x)]? dx

ISE = avg ISE(f, H),
o for density gradient Df:

TISE(Df, H) = tr / [Df (x, H) — Df(x)] [DF(x, H) — Df(x)] " dx

TISE = avg TISE(Df, H),

where the average is taken over simulated samples.



X ~ N»(0,0:1/4,1,0)

ISE avg std
Hapi1 0.0097 0.0043
Hamise  0.0234  0.0030

TISE avg std
Htapi 0.0801 0.0306
Hramise 0.0866 0.0263




X ~ N»(0,0:1,1,4/5)

ISE avg std
Hapi1 0.0077 0.0035
Hamise  0.0224  0.0031
TISE avg std
Hrapi 0.0693 0.0295
Hramise 0.0755  0.0250




X ~ 1/5N,(0,0;1,1,0) + 1/5Na(1/2,1/2;4/9,4/9,0)
+3/5N,(13/12,13/12; 25/81,25/81,0)

ISE avg std
Hapi1 0.0109 0.0046
Hamise  0.0333  0.0045
TISE avg std
Htapi 0.0839 0.0294

Hramise

0.0907 0.0265

©




X ~ 1/3N5(0,0; 1,1,0) + 1/3N5(0,4;1,4,0) + 1/3N,(4,0; 4, 1,0)

ISE

avg std

Hapi1
Hamise

TISE

0.0027 0.0008
0.0027 0.0007

avg std

Hrapi
Hramise

0.0055 0.0013
0.0049 0.0010




X ~ 1/2Ny(1,—1;4/9,4/9,3/5) + 1/2No(—1,1;4/9,4/9,3/5)

ISE avg std
Hapi1 0.0189 0.0040
Hamise  0.0146  0.0029

TISE avg std
Hrapi 0.1709 0.0242
Hramise 0.1049 0.0269




The average of ISE with a standard deviation:

density |SE(HAP|1) |SE(HAM|5E)
avg std avg std
A 0.0097 0.0043 | 0.0234 0.0030
L 0.0077 0.0035 | 0.0224 0.0031
D 0.0109 0.0046 | 0.0333 0.0045
P 0.0027 0.0008 | 0.0027 0.0007
R 0.0189 0.0040 | 0.0146 0.0029




The average of TISE with a standard deviation:

density T|SE(HTAP|) T|SE(HTAM|5E)
avg std avg std

0.0801 0.0306 | 0.0866 0.0263
0.0693 0.0295 | 0.0755 0.0250
0.0889 0.0294 | 0.0907 0.0265
0.0055 0.0013 | 0.0049 0.0010
0.1709 0.0242 | 0.1049 0.0269

X UvOoOr >




O Real data



Concentration of plasma cholesterol and plasma triglyceride taken on 320
patients with chest pain in a heart disease study.

e X - cholesterol [mg/100 ml]
e Xy - triglyceride [mg/100 ml]



The reconstructed density with a diagonal bandwidth matrix
H = diag(14.992,25.582).

data density
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The reconstructed density gradient with a diagonal bandwidth matrix
Ht = diag(31.572,68.342).
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