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FORMULATION OF THE PROBLEM

The following model is considered
) N I, O <) W, 0
Y e\ D, X g )'\L o X

©® ... the parameter of the 1st stage,
B ... the parameter of the 2nd stage,
W ... the type B uncertainty.

The BLUE of the parameter 3 is
B(Y,0) = [X'(X + DWD')'X]'X/(Z + DWD')" (Y — DO)
and its covariance matrix

Var[3(Y,0)] = [X'(Z+DWD')'X]™*
= (XITX)'+ (X'ZTX) I X'ST' DWD' ST IX(X'STIX)

The type A uncertainty= (X'S7'X)~1.

The type B uncertainty= (X' 'X) "' X'S ' DWD'E ' X(X'Z'X) .

2

If Y = 0*V the problem is to estimate o2 on the basis Y resp.

Y - DO.

Assumption: the model is regular and W is known matrix.



ESTIMATION OF THE TYPE A UNCERTAINTY
IN LINEAR MODELS

The estimator based on Y :
. +
61 =Y'(Mpxy)VM(px)) Y/[n—r(D,X)]

20"
n—r(D,X)

Var(6?) =
need not exist ! (n =r(D, X))
The estimator based on Y — DO:

i A-B
27 Te[(MxZoMx )V (MxZMy )t V]

¥ = o3V +DWD/,
A = (Y =DO)(MxIZMy)"V(MyxIZMy) (Y — DO),
B = Tr[(MxZoMy)"V(MxZoMy) " DWD/]

Var,»(62) = 2
672 T Ty[(Mx SoMy )+ V(My ZoMy )t V]’

The estimator based on Y — DO:
52 = (Y = DO) (MxZoMyx)" (M V + L,DWD')(MxEMy)* (Y — DO)

. _ 1
Vafag(ag) = 2(170)SV,1DWD’ ( 0 ) ;

where
e ()1
and
Sv.powp = (’ >7

= TI[V(MXzoMx)+V(MXzOMX)+],

= Tr[V(MxEZMy)*DWD'(MxZMy)*] = |ba|
= T[DWD'(MxZMyx) " DWD'(My XMy )]



In the case of normality it is valid that

Var,z(63) < Var,z(53)

The estimator based on Y — DO:

. (Y =DO)Y(MxZMx)" (Y — DO) — Tr[(Mx XMy )" DWD/|

e n —r(X) ’
20" 402 Tr[(Mx ZoMy ) *DWD' (M, ZoMy )tV
Var,2(63) = g il r[(Mx3oMy) 2( oMx) V]
0 n—r(X) [n—r(X)]
L 2T{(M M) 'DWD' (M3 M) ' DWD'|
[n —r(X)]*



INSENSITIVITY REGION FOR THE DISPERSION
OF THE ESTIMATOR OF LINEAR FUNCTIONS

Let h(3) = WB, B € R*. The neighbourhood N, ; od the para-
meter o5 with the property

~

0% € Ny = [ Varg[WB(0?)] < (14 2)y/Var,s [B(o7)]
is called the insensitivity region.

In our case

Nh’,@ = {0'2 . |O'2 —O'g‘ S

- 2¢h/ (X' 'X)~1h
T\ (XXX S V(M ZMx )t VES!IX (XS, X)~1h |



LINEARIZATION REGION FOR THE BIAS OF
ESTIMATORS

)5

Y ~ N(f(©,8),%)

be considered and let f(-,:-) can be expressed as

Let instead the linear model

Y~N[(D,X)<

@ @

a nonlinear model

(©.6) = (@00 + e — o)+ TOCE (5 - )
1 < © -6, > 5£,(00.,8,) ( CRCH )
+§ /8 - /60 8( g )8(6,”8/) B - /30

1
= f,+ DO + X8 + §m(a(a, 6B),

00 =0-0, 08=06-070,
with a sufficiently high accuracy. Then

~

b = E(8) -8

= E(B)-B= ;[X’(E +DWD')'X| ' X/(2 + DWD')'k(60,03).

Let

Cb(®07 /60) = Sup

/PX/(S + DWD/)-'Xb ( 50

/ cangro [ 0© o8
650 (39 )

> c Rl-l—k



and at the same time

U - ()
bal, [bb)]
[aa] = W,

— —WD'( + DWD')'X[X/(Z + DWD')"'X] " = [ba],
= [X/(Z+DWD')'X]|™".

In this case the linearization region for the bias of the estimator
of the parameter 3 is

0 {( fs(; )  (60',68)U! < fsg ) = Cb(@iﬁo)}

and it is valid that

50
( 53 ) € £, = /b'’X/(S + DWD/)-'Xb < ¢.

Let

1,02

/ T
\/m (00,463) (M(D,X)VM(D,X)) k(0©,003) ' < 0O ) c R+

; eanyr_i [ 00O
o (2

In the case of normality the linearization region for the bias of

the estimator &7 is

o {( ) ) (50,580 ( 50 ) _ /8 — r(D,X)]}

Y, Y] it

1,02
and it is valid that

0 ~
( 53 ) €Ly ,2= ‘\/E(a%) —a‘ < eo.



Let

C(mt) = sup

2,02

VK (00,68)(MxEoMy )+ V(MxZMyx )tk (00,68) ( 5O

Rl-i—k
AN AF 1) 5B>E
5©',08)U 1( 6B>

The linearization region for the bias of the estimator 53 is

on{(5)

(5@,,5ﬁ/)U71 ( ((35@ ) S C’(Oi-nt)\/QSTI'[V<MXZOMX)+V(MXEOMX)+]}
S

2,02

J ~
( 53 ) €Ly, = ‘\/E(ag) —O" < eo.



NUMERICAL EXAMPLE

Let, in the plane, four points A;, A, A3, A; be given by their

coordinates, i.e. A; ( 21 ) , 1 =1,2,3,4,

@21'
4. 20L31m A, [ 406.73m 1, [ 1050.47m A, 630-17m
Y\ 210.80m ) 2\ 863.45m ) 3\ 216.66m )’ “*\ 28.20m |-

The coordinates are estimated and their estimator is
0,
O=| : | ~Ng(O,W), W= (0.1m),.

~

O3

Coordinates ( gl ) of a point P must be estimated by measured
2

distances d;

d;=E(Y;) = \/(@22'—1 —01)?+ (©g — 32)2, i =1,....,4,

where the approximate coordinates are
503.1m
P ( 431.9m > ’
dy

Y ~ N, 2|, (0.01m)?1y
dy

The linearized models of this measurement are

Y —fy~ N, l(D,X) < (;(3 ) , (0.01m)214]
and -
Y — fy — DIO ~ Ny[X683, (0.01m)*I, + D(0.1m)*IgD’],
respectively.
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Here

fo = (for,---, foa) = (374.12,442.18,588.17,423.14),
2 2
foi = (68, — 60 + (6 — BP)’,

b 0f(©, 8)
00’ ‘9:@(0>,ﬁ:5<0) ’
Ofoi  _ O =B Ofoi _ 0% — B
ae)21'—1 fO,i ’ 8621 fO,i ’
Ofyi _  O% —BY  0fn; _ OF -5
B foi 7 0B foi 7
0fo,1 0 fo,
a(gl ) 3@(;217 6]97 3]9, O, O, O, O
0 0 02 02 0 0 0
D — b ) 8@3 ) 864 b 6]00’3 8fO73 b :
07 07 07 07 Wd,;: 87@;3’ Oa 0
dfo, 0fo0,4
0, 0, 0, 0, 0 0 b Gha
DD = 1,
8fon  Ofo
o o 0.806 68,  0.590 99
< _ | @ 9 || 021794, —0975 96
- %{gf, 880; | —0.93063, 0.36595 |’
9fo4  Ofoa —0.300 30, 0.953 84
op1’  9OB2

3o = (0.01m)’L; + (0.1m)*DD’ = 0.01011,.

The estimator ¢? does not exist, since Mpp.x)=0.

The esimator o3 is

— A-B
2 __
72 T T[(MxZoMx )tV (MxZMy) V]’
A = (Y -DO)(MxZ M) V(MxZ,Mx)" (Y — DO),
B = Tr[(MXEOMX)+V(MXEOMX)+DWD’],

and its dispersion is

—~ 207
v 5y 0 =1.020 01 x 107*,
arg (02) Tr[(MyZoMy)*V(MxZMy) V] "

The estimator o3 is

—

o2 = (Y - DO) (MxZoMy)" (M V + A DWD')(MyXoMy) " (Y — DO),

11



varo_g(%) =2((1,0)Sy bwpr < (1] ) =1.030 05 x 1074,

where

Sv.owp = (’ >,

| [bal, [bb]

= Tr[V(MxZ,Mx)*V(MxZoMy)*],

= Tr[V(MxEZMy)*DWD'(MxZMy)*] =|ba|
— Tr[DWD'(MxX,Myx) " DWD'(MxZ,Mx)*].

o~

The estimator o7 is

~ (Y -=DO)(MxVMx)" (Y —DO) — Tr[(MxVMy) " DWD/|

2 __
T n —r(X) ’
Var(o?) = 20" n 402Tr[(Mx VM) " DWD/(Mx VM )t V]
n—r(X) [n —r(X)]?
T / + / +
| 2 [DWD/(My VM) ' DWD (My VM) "] _ | oo oy

n—r(X)P

The accuracy of different estimators of ¢ is almost the same,
even it is not sufficiently good. For example in the case of 5? it is
approximately valid that

\/Var(\/ﬁ_Q) 1\’ ) 1
. 63) = ————+/1.020 01 x 10— = 0.505.
o J(N?) Vax(93) = 5 7= V1,020 01 x 107 = 0.505

Thus the relative standard deviation is 50.5% what is rather large
number. However nothing better can be expected because of the
poor precision of the first stage measurement (W).

Insensitivity regions Let

W, =h(X'EZ!'X) ' X'EVIME ' M) TVESX(X'E, ' X) Hh

If h = (1,0)’, then W(; 5 = 0 and also for h = (0,1)) Wy, =0.
Thus the estimators of 5; and 3, are not sensitive on the small
changes of the value o2

12



Linearization regions

- (B 8)
= W= (0.1,
= —-WD/(Z+DWD')"'X[X'(X + DWD')'X] ™"
0.004 533,  0.002 734
0.003 321,  0.002 003
0.000 091, —0.000 893
~ | —0.000 409,  0.003 998
- 0.005 089, —0.000 664 |’
—0.002 001,  0.000 261
0.000 287, —0.001 177
—0.000 911,  0.003 738
= —[X/(Z +DWD')'X] 'X/(Z + DWD')"'DW = [ab/,
. N1l 0.006 319, 0.000 978
= X(Z+DWD)"X]" = ( 0.000 978, 0.004 457 )’

(00,89 = sup

/P'X/(£ + DWD/)-'Xb ( 5O ) R~
@\ "\ 8
/ / 1
der s (53
= 0.000 119 76.
If e =0.1, then

00 ' et 00 £

is the ellipsoid with the semiaxes equal to

a; = 0.268m, as =0.292m, a3 =0.346m, a4 =0.346m, a5 = 0.346m,
ag = 0.346m, a7 =0.346m, ag = 0.346m, ag=5.48"Tm, a9 = 6.530m.

VK (MySMy)tV(MyxSMy) ( 50

s e [ 0O 0B
(6©',68" YU 1( w)

Cyp2 = sup )E Rtk

13



= —0.003 776.
If e =0.1, then

Loye = { ( ‘;(; ) (60,68 U! ( ‘;g )

g

Cy 02

<

\/QETI[V(M)(EOMX)+V(MXEOMX)+] }

is the ellipsoid with the semiaxes

a; = 1.504dm, ay=1.642, a3=1.943m a4 =1.943m, a5 = 1.943m,
ag = 1.943m, a7 =1.943m, as=1.943m, ag=30.813m, ai9= 36.668m.

The linearization regions £, and £, ,2 are sufficiently large with
respect to requirements of geodetical practice.
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