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What is Soft Computing ?

e Soft Computing (SC) - a modern mathematical
discipline that is based on the fuzzy set theory

e Distinguishing Feature of SC is Interpretability of its
tools and results
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%"l Triangular Partition

T Au(x) = 1— (X;:“), X € [X1, Xa],
0, otherwise,
(X;:—f:”, X € [Xk—17Xk]7
== Acx) = 41— 02 x e [xy, xpe4],
0, otherwise,
%7 X € [Xn—1aXn]7
0, otherwise.

where k =2,...n—1, and hx = Xx11 — Xk-

CE TSI E ERE]
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Ar(x) = {0.5(cosﬁ(x —x1)+1), x€[xq,xX)],

0, otherwise,
e Ae(x) = 0.5(cos £(x —xx)+ 1), xe€ [xk._1,xk+1],
0, otherwise,

An(x) = 0.5(cos £(x — xp) + 1), X € [Xp_1, Xn],
5 0, otherwise.

where k =2,...n—1,and h= =1,
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F-Transform of function f.
Integral Form

‘

o Let f be defined and integrable on [a, b]

e A vector of real numbers (F. ..., Fy) is the
F-transform of f w.rt. Aq,... Ayif

Fo— f f(x)Ax(x)dx
fa Ak( )d

Notation: F,[f] = (Fy,..., Fp)
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P

e Let f be given at points xq,..., X € [a, b]

o Y1 Aklx)>0,k=1,...n

e A vector of real numbers (F1, ..., F,) is a discrete
F-transform of f w.r.t. Ay, ... Ay if

o S f9)A)
k = I
>j=1 Ak(X))
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“mewr—|  For a sequence {A\", ... A} of uniform partitions of [a, b]

ooieaions | the respective sequence {fy(x)} of inverse F-transforms
e of f € C|a, b] uniformly converges to f,

Higher Order
F-Transform

fa(x) = f(x).

Fm.
n—-00

transform
:

F!-Transform

Inverse F-
transform

Conclusion



F-Transform
—aNew

Paradigm in F-Transform and Different

Fuzzy

Modeling Partitions

Irina
Perfilieva

== e (A0, AN} {AX), L AN} -
i rpeies | different fuzzy partitions of [a, b].

o {fi(x)}, {f}(x)} —the respective inverse F-transforms.

.|
For all x € [a, b]

|7 (x) = (X)] < 4w(h, ).
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Compression and Reconstruction of Images
Image Fusion
Fuzzy Initial Value Problem

—ﬁ'&] e Numeric Solutions of ODE and PDE
e Smooth Logical Deduction
e Data Mining

Time Series Analysis and Prediction
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| il Description of a Problem

e Ideal image u — intensity function of two variables,

e Cy,...,Cn —acquired channels,
e Ci(x,y) = Di(u(x,y)) + Ei(x,y) — channel images
(functions),
e Image Fusion — combining undistorted parts of each
channel.
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pr=l Several Reasons in Favor of a Higher Order F-Transform

e higher smoothness,

CTTTI— e more meaningful parameters,
Higher Order . . 0
F-Transform_| e better approximation by a corresponding component,

o faster convergence of the inverse F-transform.
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generalized

F=F +q(x=x)

S

b K
J (£G4, (x)dx

F;(=F;(O=a b

j A, (x)dx

b K
J £ =24, (x)dx
o=t

b
[(x=x)2 4, (x)ax

CE TSI E ERE]
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Spaces Ly(A1),...,La(An)

e Ay,..., Ay —afuzzy partition of [a, b];

o Lo(Ak), 1 < k < n—aset of functions
rrr— f:[Xk_1, Xk+1] — R for which the following integral
Higher Order
F-Transform Xk+1
Fa— / 2(x) Ax(x)dx
- Xk—1
exists.
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Ftransform Let k be a fixed integer from {1,..., n}.

e e (£, 9)k = o [FT f(X)9(x)Ak(x)dx — inner product of f
e and g in Lo(Ax), where

FT

Applications | o T

Higher Order Sk = /Xk_1 Ak(X)dX7 k = 1, aooglfh

F-Transform ‘

Fm

Ilr‘a‘r;sform L4 “f”k =\ (f, f)k — norm in L2(Ak),

F!-Transform

Inverse F- ‘ L2(Ak) |S a Hllbert Space

transform

Conclusion
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FmM-
transform

FM-transform

|

Let

o f:[a,b] — R —function from Lo(A1) N--- N La(An),

e FJ", m> 0, — k-th orthogonal projection of f[f,, . ..
on L7'(Ak), k=1,...,n.

FM-transform of f with respect to Ay,...,Anis
F™fl = (F{", ..., FM.

F/" is called the k' F™-transform component of f.
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e defined on LJ(A).

(B) F™-transform component F”, k=1,...,n,of a

: polynomial f of a degree | < m, restricted to

Fansiom | [Xk—_1, Xk11], coincides with f.

Fm-

transform

F!-Transform |
—_—

Inverse F-
transform

Conclusion



~Transform
—aNew

Paradigm in Four Main Properties of the

Fuzzy

Modelin: Fm'tranSform

Irina

Periilieva (A) F™-transform component F[", k = 1,...,n, minimizes
Introduction_| the following functional

. F-transform
— / (f(x x))2Ax(x)dx,
i defined on LJ(A).

(B) F™-transform component F", k =1,...,n,0ofa
polynomial f of a degree | < m, restricted to

Fansiom | [Xk—_1, Xk11], coincides with f.

(©)
_transform F,T: FIT_1 +Ck,mPI’(na m=1,2,....

F!-Transform |
—_—

Inverse F-
transform

Conclusion



~Transform
—aNew
Paradigm in
Fuzzy
Modelin:

Irina
Perfilieva

Introduction |

. F-transform

General
uzzy Partition
Direct FT

FT

Higher Order
F-Transform |
—_—
FmM-
. transform

F!-Transform |
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Inverse F-
transform

Conclusion

Four Main Properties of the

FM-transform
(A) F™M-transform component F”, k = 1,...,n, minimizes
the following functional
/ (F(X) — h(x)2Ak(X)dx.

defined on LJ(A).
(B) F™-transform component F", k =1,...,n,0ofa
polynomial f of a degree | < m, restricted to
[Xk—1, Xk+1], coincides with f.
(9)
Fo=Fl " +oemPl, m=1,2,....
(D) Mapping F™: f— (F",...,F") is linear, i.e. for all
f,he Lo(Aq,...,An), and for all o, 8 € R,

FM(af + 8h) = aF™(f) + BF"(h).

CE TSI E ERE]
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Introduction

F-transform

T —
Fuzzy Partition
erre—. |
Y A—
Main ProEemeS L t

Inverse FT

iTEgncanons o (F",...,F),m >0, — F™-transform of f with respect
e — to A¢,..., A and

Higher Order - 0 1 m
F-Transform | ° Fk — Ck,OPk -+ Ck,1 Pk + -+ Ck,mPk y k = 1, ey, N

FmM-
. transform Then

Faensen (€10, - ., Cnyo) is the F-transform of f with respect to
Inverse F- A1 s ,An_

transform

Conclusion
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The theorem below shows that the bigger is the value of m,
the better is the quality of approximation of f|, | x,.,} by
Fo.

-
o | Letm >0, and let polynomials F;", F,T+1 be orthogonal
| projections of f € Lp(Ax) on LT'(Ax) and L3 (Ak),
Fm. respectively. Then

transform
:

]
Hf‘[qu,Xkﬁ] - FI?H— Ik < Hf‘[qu,XkH] - FITHK
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The following vector of linear functions

F'fl = (c1o0+ c11(X — X1), .-+, Cno + Cn1(X — Xn))

is the F'-transform of f with respect to A, ..., A, where for
everyk=1,...,n,
Fusion | f):(kj—: f(X)Ak(X)dX 1
() (X = X Ak(x) dx
F'-Transform Ck,1 :ka):k+1 5 (2)
ka_1 (X — xx)?Ax(x)dx

and sp = f_11 Ao(x)dx.



F-Transform
—aNew
Paradigm in
Fuzzy
Modeling

Irina
Perfilieva

Characterization of
F'-transform components

|

F'-Transform ‘

Let
e fand Ax, k =1,...,n, be four times continuously
differentiable on [a, b],
o F'[f]=(C10+ C1,1(X = X1),...,Cno + Cn1(X — X)) be
the F'-transform of f with respect to A, ..., An.

Then
Ck 1 :f’(Xk)-i-O(h) k=1,...,n
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Modelin,
i
Pe:flill‘i:va = 5 ‘ . ‘ﬂx)=§in(xi‘ Y

Introduction | & i A Em %
F-transform i - - * ¢
SiGeneral " ” 04r 5 5

Fuzzy Partition . 02

Direct FT ) . ®

Main Properties ¥ or * &

Inverse FT - 3 ® 02k

FT - ; . ® oal ® 2

Higher Order 2" 8 # *

F-Transform 298 @6 04 02 0 02 04 06 08 4 | L P 5 B | | I
[EEnEmm | ! : s . : . .
FM-
Jtransform Left. Coefficients ¢y ¢ of the F'-transform of function x2 on

1 . .
Lansiom) - [—1 1] lie on the line y = 2x.

e Right. Coefficients ¢ 1 of the F'-transform of function
Conclusion sin(x) on [0, 2x] lie on the line y = cos(x).
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Introduction

F-transform
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Fuzzy Partition
Direct FT
Main Properties

Inverse FT
—_—

FT
AEEIications ]

Fusion

Higher Order
F-Transform
—_—

L e

Fm-
. transform

F'-Transform

Inverse F"-
transform

Function f and its F'-transform components
Fl ... F ... FL.

Conclusion
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Fl-transform in L,(Ax) with
triangular Ay

S Theorem

F'-Transform ‘

Let

e Ay,...,An— h-uniform triangular shaped partition of
[a, b] with generating function Ag =1 — |x]|.

Then coefficients ¢k o and ¢ 1 in the representation of F 1
are as follows:

Sel T F(x) Ax(x) dx
Cko =—" h ;

12 [X41 F(x)(x — Xk) Ax(x)dx
h3 :

Ck1 =
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Inverse FM-transform

Inverse F-
transform

Let (F{",...,F"), m> 0, be the F™-transform of
f:[a, b] — R with respect to Ay, ..., Ap.
Then the following function 7" : [a, b] — R

an ZFITAK

is called the inverse F-transform of f (with respect to
(F",...,F")and Aq,..., Ap).

F0) = 171 (X) + ket CemPR(X)A(X),  x € [a,b], m> 1

CE TSI E ERE]
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Inverse F"-transform as an
Inverse Mapping

Inverse F-
transform

Let
e Aq,..., A, be an h-uniform partition of [a, b],
e forallx e [a+ h,b— h,

z”: Ai(x) =1,
i=

e p be a polynomial on [a, b] of a degree 0 </ < m.

Then the inverse F™-transform p,’_I”n of p coincides with p on
[a+ h,b—h],ie.

PE(x) = p(x), xcla+hb—h.

CEE TSI E ERE]
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Approximation by the inverse
FM-transform

Applications |
s |
T —

Inverse F-
transform

Let
e Ay,...,A,be an h-uniform Ruspini partition of
[a + hv b— h]s
e functions f and A, k =1,...,n, be four times

continuously differentiable on [a, b],
o f7, be the inverse F™-transform of f, m > 1.
Then

b—h
|10 = B0l < O(1F),
at+h

or [[f(x) — fEllL, < O(h?) where L, is a normed space on
[a+ h,b— h].

CE TSI E ERE]



F-Transform
—aNew
Paradigm in
Fuzzy
Modeling

Irina
Perfilieva

Uniform Convergence

Corollary

Under the assumptions of the Theorem above, the
sequence {ff',}, m > 1, of the inverse F"-transforms of f

uniformly converges to f in the normed space L4 on

~= ] [at+hb—h)ie.

Hf_ f/,-'TZnHM =n0.

Inverse F-
transform
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General
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Applications 0.004
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Left. The function x? and its inverse FO (blue line) and F!
(black line) transforms.

F!-Transform
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w‘ Right. Graphs of the error functions. Maximal errors of
Concsion | gpproximation are: 0.017 (the inverse FO-transform) and

0.0062 (the inverse F'-transform).
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el Our purpose was to develop:
Fuzzx Partition

Direct FT

Main Properties

A universal technique for mathematical modeling
Easy-to-explain theory

Sound mathematical backgrounds

Convincing applications

Inverse FT
—

Applications |
]
T—

Conclusion
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